INTRODUCTION
Mechanisms are used continuously in a wide variety of machines and electromechanical devices. Several working processes require a continuous input motion that provides a non-symmetrical or complex output motion. It is difficult to design a mechanism which achieves an adequate output motion as it is specified, so that the mechanism design requires an improvement. The synthesis of the mechanism could be achieved by using graphical, analytical and numerical methods [6, 17, 20] . The computational cost increases as the number of precision points increases [17] . The formulation of the mechanism synthesis as an optimization problem is an alternative approach to find the dimension of the links by using heuristic or gradient optimization techniques [11, 12] .
In [1] , the path synthesis of a four-bar mechanism (FBM) to track more than five points in the coupler link is solved by using three different evolutionary algorithms DOI: 10.14736/kyb-2014- with a new refinement technique. In that work, the DE shows faster convergence to the optimal result and a smaller error of adjustment to target points, than the genetic algorithm (GA) and the particle swarm optimization (PSO). The work presented in [13] proposed an evolutionary algorithm to solve the path synthesis problem of a four-bar linkage. In [10] , another design approach of a four-bar mechanism for path generation purposes is formulated as a constrained multi-objective optimization problem. The tracking error, the transmission angle's deviation and the maximum angular velocity ratio are introduced as the mechanical performance indexes. It proposes a hybridization of the traditional NSGA-II algorithm with an adaptive local search mechanism which presents a superior mechanical design in terms of energy efficiency and practical viability. In [16] , an optimum synthesis of a FBM that meets the necessary input motion for a continuously variable transmission was carried out. A mechanical synthesis of a FBM is established as an optimization problem. The kinematic analysis of the FBM is presented and also objective functions and constraints are proposed, and the solutions are obtained with a swarm intelligent algorithm called Modified Bacterial Foraging Algorithm. The goal of the mechanical design is to obtain a set of dimensions of the mechanical elements of the FBM, which allows a large amplitude on the motion of the rocker as well as ensures a smooth transmission of force and speed on the joint of the connecting rod and the rocker of the FBM.
On the other hand, there are several researches focused on finding better heuristic algorithms to tackle several complex problems of the real world. Scientists have observed the nature for years in order to improve their heuristic algorithms. Natural selection eliminates species with poor foraging behaviour and favours species with high foraging behaviour which is essential for maximization of species fitness. Hence, the real world optimization problems can be solved by using heuristic algorithms based on the natural selection called bio-inspired algorithms.
Many bio-inspired algorithms use the concept of swarm intelligence (SI) such as PSO [9] , artificial fish swarm algorithm [14] , ant colony [4] and bacterial foraging algorithm [18] . They have been studied and used in several optimization problems. In the SI models the population of interacting agents or swarms is able to organize itself. In recent years, a new swarm intelligence has been used: the artificial bee colony algorithm [7] , developed by Prof. Karaboga in 2005. The artificial bee colony (ABC) algorithm simulates the intelligent foraging behaviour of honey bee swarms. The ABC algorithm has had a rapid developed and it has been used in machining processes [19] , in filter design [8] and in chaos control and synchronization of nonlinear systems [5] .
In this paper, the synthesis of a four-bar mechanism that provides a symmetric motion in its rocker link is formulated as a dynamic optimization problem. In this dynamic optimization problem the kinematic and dynamic behaviours of the mechanism are merged and included as a dynamic constraint. This can be achieved because the dynamic synthesis is developed in the framework of the mechatronic design approach, where structural and control aspects must be integrated in the design of systems. On the other hand, due to the usual complexity of the dynamic problem, an heuristic algorithm called the M-ABC algorithm was used in order to solve it.
The rest of this paper is structured as follows: Section 2 describes the dynamic model of the FBM mechanism and the driving motor, Section 3 establishes the design variable vector, the design objective and the constraints of the dynamic optimization problem. The dynamic approach of the mechanism synthesis is established in Section 4. In Section 5 the ABC algorithm is explained as well as its modification for accelerating the search. The discussion of the algorithm, the optimum design and the results are presented in Section 6. Conclusions are drawn in Section 7.
MECHANISM SYNTHESIS PROBLEM
One of the most used mechanism in the industrial machinery is the Four-Bar mechanism (FBM). That is because the operational principle of this mechanism enables a coupling with a continuous rotational power supply in order to obtain a desired output motion. 
Kinematic analysis of the FBM
The kinematics of this mechanism has been widely described [20] . The crank-rocker schematic representation is shown in Figure 1 . This FBM configuration is composed by a reference bar (L 1 ), a crank bar (L 2 ), a connecting rod bar (L 3 ) and a rocker bar (L 4 ), where θ i with i = 1, 2, 3, 4, is the ith angle between the horizontal axis and the ith bar in the counterclockwise direction. Also, the center of mass of each bar is denoted by a black-white circle and its location are described by r i and φ i where i = 2, 3, 4. Finally, θ i represents the angular velocity, and υ ix and υ iy are the x and y velocity components of the center of mass of the ith bar i.
From the kinematic analysis it can be probed that θ 3 and θ 4 can be expressed as a function of θ 2 . Therefore, the equations of motion for each bar of the mechanism are established as follows:
where:
The angles θ 3 and θ 4 can be computed as follows:
In order to obtain the appropriate values of the angles θ 3 and θ 4 , the sign of the radicals in (13) and (14) are (+ √ ) and (− √ ), respectively; this is due to the open configuration in the FBM considered.
Dynamic analysis of the FBM
The four-bar mechanism has one degree of freedom (dof ) in the crank (bar L 2 ). This dof is actuated by a DC motor. From the schematic representation of the mechanism in Figure 1 , the mass, the inertia, the length, the mass center length and the mass center angle of the ith bar are represented by m i , J i , L i , r i , φ i , respectively. The stiffness constant of the spring and the damping coefficient of the damper are represented by k and C, respectively. Let θ 2 andθ 2 be the generalized coordinate and velocity of the FBM, respectively, then the Lagrange's equation is formulated in (21). The variables K, P and D are the kinetic energy (22), potential energy (23) and the Rayleigh's dissipation function (24), respectively. Finally, the variable T represents the external input torque applied on crank bar. The angular position when the spring is in equilibrium is named as θ 4,0 .
It is important to remark that in the potential energy function (23), the angle θ 4 can be expressed as a function of θ 2 using (14) .
Computing the total and partial derivative of (21), the motion equation of the FBM results in (26).
(29)
(30)
In order to model the whole system, the dynamic of the actuator must be included into the dynamics of the FBM (26). A schematic diagram of the DC motor is represented in Figure 2 , where L and R represent the inductance and the armature resistance, and i(t) and u(t) are the input current and the input voltage, respectively. J and B are the inertia moment and the friction coefficient of the output shaft, respectively. T L , T m and V b are the load torque, the magnetic motor torque and the back electromotive force of the motor, respectively. The motor constant is represented by K f and the constant of the back electromotive force is represented by K b .
Fig. 2. Schematic diagram of a DC Motor.
The dynamic model of the DC motor [2] , takes into account the electrical and mechanical subsystems. Using Kirchhoff's second law, the closed loop circuit of Figure 2 can be written as (39).
The equation (40) is obtained by applying the Newton's second law to the mechanical part of the DC motor, where T a and T b are the output torques of the shafts a and b, respectively (see Figure 2) .
The mechanical transmission among the two gears in the shafts, that is the gear ratio n of the output gear box of the DC motor is expressed in (41), where r i and N i , ∀ i = 1, 2 are the radius and the number of teeth of the gears, respectively. Moreover,θ a andθ b are the angular velocities of shafts a and b, respectively.
Substituting from (41) the value of T a into (40), the torque applied to the mechanical system is written as (42).
Finally, by using in (42) the mathematical relationshipsθ a = nθ b from (41), T m = K f i and T L = 0, the dynamic equations of the DC motor are as follows:
Considering that the shaft "b" of the DC motor is jointed to the crank bar of the FBM, the torque and the angular displacement are related as follows:
So, the next step is to couple the dynamics of the DC motor (43) - (44) with the dynamics of the FBM (26). Hence, the coupled dynamic representation of the DC Motor with the FBM in the state variable vector
T is given by (45).
(46)
OPTIMAL STRATEGY
As it was previously mentioned, the goal of the dynamic approach to optimum synthesis of the FBM is not only to consider the kinematics of the mechanism, but to consider both the dynamics and the kinematics. This work represents a first step in the development of this approach.
Design variables
Once the dynamic and kinematic analysis of the FBM are carried out, it should be clear that the vector of design variables is composed by the dimensions of the bars and the θ 1 angle of the reference bar. Let the vector of design variables p defined as follows:
Objective function
It is important to mention that in this synthesis case, the motion amplitude of the rocker is the output of the system. A maximum value for the objective function expressed in (51), implies the maximization of the output of the FBM. From the kinematic analysis [20] , the amplitude of the motion of this mechanical element is given by:
where θ 4 max and θ 4 min are computed according with the four-bar configuration as follows:
• Case a) θ 1 < 0 :
• Case b) θ 1 = 0 :
• Case c) θ 1 > 0 :
Design constraints
In order to obtain a set of values which produce a suitable FBM, a set of design constraints is established.
Grashof's law
In order to conduct a continuous motion, the mechanical elements of the FBM must fulfill the Grashof's law: for a plane four-bar linkage, the sum of the length for the shortest and largest links can not be greater than the sum of the length of the two remaining links, if a continuous relative rotation between any two elements is desired [17] . Denoting as s and l the shortest and the largest links of the four-bar mechanism, and as p and q the other two links, Grashof's law is established as detailed in (58).
In the problem tackled in this work, Grashof's law is given by:
Furthermore, in order to ensure that the solution method produces Grashof-type mechanisms, the solutions must fulfills the conditions established in (60) and (61).
Transmission angle
One of the most used characteristics to evaluate the quality of a linked mechanism is the measure of its transmission angle. The transmission angle is defined as [17] :the angle between the output link and the coupler link. Generally taken as the absolute value of the pair of acute angle corners formed at the intersection of the two links and varies continuously from a maximum value to a minimal, as the linkage passes through its range of motion.
The transmission angle in a FBM is defined as follows:
where the angles θ 3 and θ 4 are computed from (13) and (14) . A recommended design constraint is that µ must be greater than 45
• along the crank cycle, so that it fulfills (63).
µ ≥ 45
• .
Motion Symmetry
A necessary characteristic of the rocker motion is a symmetrical motion around the vertical axis. Hence, in order to guarantee the symmetrical motion, an equality constraint (64) is established, 180
System size
Due to the available space, the mechanical elements of the FBM must fulfill dimensional constraints. For this reason, the length of each bar is determined between 0.05m and 0.5m, and these constraints are presented in (65) to (68).
On the other hand, the angle between the horizontal axis and the reference bar (L 1 ) is limited between 45
• and −45
• , as pointed out in (69).
DYNAMIC APPROACH STATEMENT FOR THE DIMENSIONAL SYNTHESIS
The dynamic approach statement for the dimensional synthesis of the FBM is formulated as a mono-objective dynamic optimization problem (MODOP). This MODOP consists on finding the optimal design variables p * ∈ R 5 which maximize the performance function (70) subject to the dynamic behaviour of the FBM represented in state variables (71) and the inequality and equality constraints in the design (72) -(76); it is important to remark that the inequality constraint 75 is a dynamic constraint which is evaluated using the profile of the state vector. 
SWARM INTELLIGENCE STRATEGY
Currently, Swarm Intelligence Algorithms (SIA's) are a suitable option in order to solve optimization problems. One of the most popular algorithms is the Artificial Bee Colony (ABC), which is an algorithm based on the foraging behaviour of the honey bee [7] . Originally, this algorithm deals with unconstrained non-linear optimization problems. However, taking into account that the engineering problems usually include a set of constrains, a Modified Artificial Bee Colony (M-ABC) for constrained numerical optimization version [15] was used in this work. In this section, a brief explanation of the main aspects of the ABC algorithm is presented. Then, the M-ABC algorithm is presented, remarking the computational implementation that was carried out in the present work.
Artificial Bee Colony
In [7] , the process of the search of nectar in the flowers by the honey bees has been seen as an optimization process. The way that this kind of social insects manages to focus efforts on areas with high amounts of food sources has been modelled as a heuristic for optimization. Two behaviours are used in order to do this: the recruitment of bees into a food source and the abandonment of a source. It is important to remark that in the ABC algorithm, the solutions of the problem are represented by the food sources, not by the bees. The bees act as variation operators, so when one of them comes to a food source, the bee calculates a new candidate solution based on this source. In the ABC algorithm, the colony of artificial bees consists of three types of bees: employed, onlooker and scout bees. Usually, the number of employed bees is equal to the number of food sources and each employed bee will be assigned to each one of the sources. When the bee arrives to the food source, it will calculate a new solution (the bee will fly to another nearby food source) from it and retain the best solution based on a greedy selection. The number of onlooker bees is usually the same as the number of employed bees. This type of bees is assigned to a food source according to the profitability of such source. In the same way that the employed bees, the onlooker bees will calculate a new solution based on their assigned food source. When a food source profitability does not improve after a certain number of iterations, this source is abandoned and is replaced by a new one randomly assigned. The user-defined parameters required by the ABC algorithm are: the number of food sources or solutions SN , the total number of iterations or cycles M CN , and the number of cycles that a non improved food source will be kept before being replaced by a new source, limit. It is important to remark that an advantage of the ABC algorithm is that the solutions are real-encoding. Therefore, it is widely used in engineering design problems.
Modified Artificial Bee Colony
The M-ABC algortihm is shown in Figure 3 . In this algorithm, the variation operator used by both employed and onlooker bees in order to generate a new candidate solution ν g i includes a recombination mechanism. The variation operator is given by:
where subscript j indicates the corresponding variable of the ith candidate solution at iteration g, x g i represents the solution in which the bee is located at that moment, x g k is a randomly chosen food source (which must be different to x g i ) and φ is a real number within [−1, 1] generated randomly for every variable. Finally, the user-defined recombination mechanism is established as 0 ≤ M R ≤ 1. On the other hand, in order to select the best food source, a tournament selection is carried out based on the set of rules defined in [3] . Such set of rules is stated as follows:
• Between two feasible food sources, the one with the best objective function value is preferred.
• Between a feasible food source and an infeasible food source, the feasible one is preferred.
• Between two infeasible food sources, the one with the lowest value of the sum of constraint violations is preferred.
In the M-ABC algorithm, a dynamic tolerance for equality constraints is proposed. Such mechanism is established as follows:
where g is the current iteration and dec is the decreasing rate value of each iteration (dec > 1). The aim of this is to start with a feasible region larger than the original one, in order to meet in an easier way the equality constraints at the beginning of the iterations. A simple way to compute the decreasing rate value is given by:
where 0 is the initial tolerance value and f is the final tolerance value.
In the M-ABC algorithm, a smart flight operator is included. This operator combines three elements: (1) the information of the solution to be replaced x g i , the solution that is used as a reference point in order to generate a new solution, after this, the original solution is eliminated, (2) the best solution x g B , that will bias the location of the new solution, the aim of including this food source is to find a feasible solution or, at least, an infeasible solution closer to the feasible region, and (3) a solution which is randomly selected x g k in order to avoid a full attraction by the best solution so far. The new solution taking into account the smart flight operator is computed as follows:
Finally, the boundary constraint-handling used for the design variables is implemented as follows:
where, as previously mentioned ν g i,j is the jth variable of the ith candidate solution at iteration g. Finally, L j is the lower limit and U j is the upper limit of the jth variable, respectively.
Implementation issues
As it is mentioned in this section, a M-ABC algorithm was used. However, due to the type of optimization problem some adaptations were carried out:
• Since the solution of the optimization problem must meet the Grashof's criteria, the set of rules was not applied directly, in a step prior to the tournament it was verified that the food sources participants meet the Grashof's criteria. In fact, in the lines 15, 21 and 24 of the M-ABC algorithm, the selection between the contenders is based on the next rules:
1. When both food sources meet the Grashof's criteria, the set of rules is applied.
2. When a food source meets the Grashof's criteria and the other one does not, the Grashof's one is preferred.
3. When both food sources do not meet the Grashof's criteria, the one with the lowest value of the sum of constraint violations is preferred. • In order to apply the smart flight operator (line 28 of the M-ABC algorithm), the best source is needed, therefore, the search of such source is carried out as follows:
1. In the current distribution of food sources, a search by a food source that meets the Grashof's law is carried out. Once that a food source is found, a search based on the three rules above mentioned continues for this type of food sources, in order to compare and select the best one of the whole distribution 2. In case that the current distribution of food sources does not include Grashof's sources, a search for the food source with the lowest value of the sum of constraint violations is carried out.
• Since the inequality constraint g 4 of the optimization problem is a dynamic constraint, it is evaluated only when the food source meets the Grashof's criteria.
It is important to remark that the constraints applied to the M-ABC algorithm are originated by the type of optimization problem that is solved in the present work, but the mean idea of the algorithm is preserved.
RESULTS AND DISCUSSION
In the present work, a set of 10 independent runs was carried out. A fixed set of values for the M-ABC parameters was used in all runs as follows: number of solutions SN = 20, maximum cycle number M CN = 10000, Limit = M CN/(2 * SN ) = 250, and modification rate M R = 0.8. On the other hand, in order to evaluate the equality constraint, the initial and final desired values of 0 and f were taken as 1.0 and 0.01, respectively. The M-ABC algorithm was coded in Matlab R R2008a and was run in a Laptop computer with 6 GB RAM, Intel R Core i5 processor @ 2.5 GHz, and Microsoft Windows R 7 OS.
The results of these computational experiments are shown in Table 1 . The statistical analysis of the independent runs can be observed in Table 2 . Finally, the time required per run is shown in Table 3 . From Tables 1 and 2 it can be observed that the M-ABC algorithm has a steady behaviour from a computational point of view, as the best and worst solutions shown a similar performance. On the other hand, the computational time for the execution of the algorithm is not expensive, taking into account the kind of problem that was solved, as can be seen in Table 3 
Mechanical analysis of solutions
It is worth recalling that the goal of the optimization problem is to obtain a set of values for the FBM mechanism. Therefore, the best and worst solutions obtained by the M-ABC algorithm were subject to simulation in order to obtain more information about the mechanical performance of the resulting mechanism. The simulation results for the displacement angle (θ 4 ) of the rocker and the transmission angle (µ) for the best and worst solutions obtained, are shown in Figure 4 .
As it is mentioned in Section 3, the optimal set of values for the FBM mechanism, should allow a symmetric displacement of the rocker around the vertical axis ( π 2 rad is the reference value), and in order to obtain a high efficiency of the mechanism, the transmission angle should be greater than π 4 rad and stay around of π 2 rad, along the entire motion of the mechanism. As it can be observed in Figure 4 , the best and worst solutions have values inside the requirements previously established on the optimal strategy.
CONCLUSIONS
In the present work a dynamic approach to obtain the optimum synthesis of a FBM mechanism using a swarm intelligence algorithm is presented. The mechanical synthesis is established as an optimization problem, where the dynamic model of the system is Table 1 .
considered besides a set of constraints and an objective function. It is important to remark that one of the constraints is a dynamic one. A swarm intelligence algorithm called Modified-Artificial Bee Colony was implemented to obtain the solution of the optimization problem. A set of independent runs were carried out in order to test both the performance and the behaviour of the algorithm and its solutions.
The results presented in this work show that the dynamic approach proposed is suitable for the analysis and design of this type of planar mechanisms. Also, the computa-tional implementation of the M-ABC algorithm allows its application without important changes or adaptations, in order to solve real-world problems.
Future work will include a design methodology which deals with the optimal design, considering both the mechanical structure and the controller simultaneously.
ACKNOWLEDGEMENT
All the authors acknowledge the support from Instituto Politécnico Nacional -México (IPN-MEX) through projects SIP-20131350 and SIP-20131053 as well as from its COFAA and EDI programs, and from Consejo Nacional de Ciencia y Tecnología (CONACyT) under Grant 182298. The second author acknowledges support from CONACYT through a scholarship to pursue graduate studies at CIDETEC-IPN. (Received May 22, 2013) 
